Abstract. Let I be an ideal of a Noetherian local ring R and M a finitely generated R-module. The f-depth of I on M is the least integer r such that the local cohomology module H r I (M ) is not Artinian. This paper presents some part of the theory of f-depth including characterizations of f-depth and a relation between f-depth and f-modules.
Introduction
Let (R, m) be a (commutative) Noetherian local ring, I a proper ideal of R and M a finitely generated R-module. It is well known that the depth, depth(I, M ), of I on M , i.e., the length of a maximal M -regular sequence in I, is the least integer r such that the local cohomology module H r I (M ) = 0. Faltings [2] proved that the least integer r such that H After summarizing some results about filter regular sequences in section 2, we define f-depth in section 3. Then, we characterize f-depth by Ext, Koszul complexes and local cohomology modules. Section 4 contains an equivalent condition using f-depth for an R-module to be an f-module which is similar to a Cohen-Macaulay module.
Preliminaries on filter regular sequences
Throughout the paper, let (R, m) be a (commutative) Noetherian local ring and M a finitely generated R-module. For any submodule N of M , we use N : M m to denote the submodule {m ∈ M |m n m ⊆ N for some n > 0}. 
On the other hand, we are reminded that y 1 , . . . , y s ∈ R is a poor M -regular sequence if 
2 ) has finite length, it follows that x 1 , x 2 is an M -filter regular sequence. But, as the prime ideal (x 2 ) ∈ Ass R (M )\{(x 1 , x 2 )} and x 2 ∈ (x 2 ), we see that x 2 is not M -filter regular, hence, x 2 , x 1 is not an M -filter regular sequence.
For any 
Proof. By induction on n. If n = 1, then H 1 (x 1 ; M ) = 0 : M x 1 has finite length by definition. Now, assume that n > 1. From the long exact sequence
For the case i = 1, we have an exact sequence
Notice that the converse of Proposition 2.2 is not true because the conditions (H i (x 1 , . . . , x n ; M )) < ∞ for all i > 0 do not depend on the order of x 1 , . . . , x n , but the filter regularity does.
Characterizations of f-depth
In order to show that f-depth is well-defined, we need the following:
Proof. Assume the contrary. 
We use induction on n to show that I contains an M -filter regular sequence of length n. If n = 1, then I contains an M -filter regular element by Lemma 3.1. Now assume that n > 1 and the result is true for n − 1. Then, by Lemma 3.1 again, there is x 1 ∈ I which is M -filter regular. From the short exact sequences Conversely, suppose that I contains an M -filter regular sequence of length n. Let x 1 , . . . , x n ∈ I be an M -filter regular sequence. For any p ∈ Supp(M/IM ) \ {m},
But, for any p ∈ Supp(M/IM ) and any i ≥ 0, it is clear that 
Proof. As any M -regular sequence is an M -filter regular sequence, we see that depth(I, M ) ≤ f-depth(I, M ). So it remains to show that f-depth(I, M ) ≤ ht M (I).
By assumption, Supp(M/IM ) ⊆ {m}. Let x 1 , . . . , x n ∈ I be any M -filter regular sequence. It is enough to show that n ≤ ht M (p) for any p ∈ Supp(M/IM ) \ {m}. 
Hence, by the induction assumption, f-depth(I, M 1 ) = r − 1, so f-depth(I, M ) = f-depth(I, M 1 ) + 1 = r, as required.
For any finitely generated R-module N , its m-adic completion is denoted by N . The following proposition states that f-depth does not change after passing to completion.
Proposition 3.8. f-depth(I, M ) = f-depth( I, M ).
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Proof. This is because, for any i ≥ 0,
The following theorems give two characterizations of f-depth. Let y 1 , . . . , y n ∈ I such that I = (y 1 , . . . , y n ) . Then f-depth(I, M ) = n − sup{i|dim (H i (y 1 , . . . , y n ; M )) > 0}, i with dimH i (y 1 , . . . , y n ; M ) > 0, we understand that the right side of the above equality is ∞.
Theorem 3.9.
where, if there is no integer
Proof. If dim(M/IM ) = 0, then f-depth(I, M ) = ∞ and dim (H i (y 1 , . . . , y n ; M )) ≤ 0 for any i (since I · H i (y 1 , . . . , y n ; M ) = 0), so the theorem is true in this case. Now assume that dim(M/IM ) > 0. Let r = f-depth(I, M ). We use induction on r. If r = 0, then I ⊆ p for some p ∈ Ass R (M ) \ {m}. Thus p = ann R (m) for some m ∈ M . As Im = 0, we see that m ∈ 0 : M I = H n (y 1 , . . . , y n ; M ). Then p ∈ Ass R (H n (y 1 , . . . , y n ; M )). But since p = m, we have that dim(H n (y 1 , . . . , y n ; M )) > 0, and the equality holds. Suppose that r > 0. Let x ∈ I be an M -filter regular element and M 1 = M/xM . Then, as f-depth(I, M 1 ) = r − 1, we have, by the induction assumption, that sup{i|dim (H i (y 1 , . . . , y n ; M 1 ) > 0} = n − r + 1.
Note that, as Supp (H i (y 1 , . . . , y n ; M 1 )) ⊆ Supp(M/IM ), the above equality is equivalent to H i (y 1 , . . . , y n ; M 1 ) p = 0 for all i > n−r+1 and any p ∈ Supp(M/IM )\ {m}, and H n−r+1 (y 1 , . . . , y n ; M 1 ) p = 0 for some p ∈ Supp(M/IM ) \ {m}.
For any p ∈ Supp(M/IM ) \ {m}, as x ∈ p, we see that x/1 is M p -regular. From the short exact sequence
we have a long exact sequence
As H i (y 1 /1, . . . , y n /1; M p ) is annihilated by x/1, the above long exact sequence is split into short exact sequences
Then H i (y 1 , . . . , y n ; M ) p = 0 for any i > n − r and any p ∈ Supp(M/IM ) \ {m}, and H n−r (y 1 , . . . , y n ; M ) p = 0 for some p ∈ Supp(M/IM ) \ {m}. Hence sup{i|dim (H i (y 1 , . . . , y n ; M )) > 0} = n − r. The theorem follows. 
F-depth and f-modules
A finitely generated R-module M is called an f-module if every system of parameters for M is an M -filter regular sequence. F-modules were introduced in [1] as a generalization of Cohen-Macaulay modules.
The following theorem gives a characterization of f-modules by f-depth. 
Theorem 4.1. M is an f-module if and only if, for any
p ∈ Supp(M ) \ {m}, f-depth(p, M) = dim(M ) − dim(R/p).
